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1 Introduction:
In [L1] and [L2], the author has proved the existence of the extremal function for the Moser-
Trudinger inequality on a compact Riemannian manifold. In [L2], one of the key proposition
is the following
Proposition 1.1 Let (M,g) be a closed compact Riemannian manifold, and
F (u) =
∫
M
eαn|u|
n
n−1
.
If the sup of the F on
H = {u :
∫
M
|∇u|ndVg = 1,
∫
M
udVg = 0},
can not be attained, then
sup
u∈H
F (u) ≤ |M |+ ωn−1
n
eαnSp+1+1/2+···+1/(n−1)
for some p ∈M .
Here αn = nω
1
n−1
n−1 , ωn−1 is the volume of the unit sphere on R
n, and
Sp = lim
x→p
(G+
1
αn
log dist(p, x)n).
In section 5 of [L2], the author proved the above proposition with capacity estimate. Since
we had no idea on the speed of convergence of the blow up sequence, we had to choose a
sequence of Green functions to get the estimate. So the proof seemed too complicated to be
understood. In this short paper, we will simplify the proof. I hope the new proof is easier to
be understood .
The proof in this paper depends on the following theorem belong to Carleson and Chang:
1
TheoremA.1([C-C]) Let B be the unit ball in Rn. Assume uk be a sequence in H
1,n
0 (B)
with
∫
B |∇uk|n = 1. If |∇uk|ndx ⇁ δ0, then
lim sup
k→+∞
∫
B
eαn|uk|
n
n−1 ≤ |B|(1 + e1+1/2+···+1/(n−1)).
Remark: Since we do not get any new results, we will not publish this paper.
2 Review of results in section 4 of [L2]
Let uk ∈ H1,n0 (M) which satisfies
∫
M uk = 0,
∫
M |∇uk|ndVg = 1 and∫
M
eβk|uk|
n
n−1
dVg = sup∫
M
|∇v|ndVg=1,
∫
M
v=0
∫
M
eβk|v|
n
n−1
dVg,
where {βk} is an increasing sequence which converges to αn. Then we have
−div|∇uk|n−2∇uk = |uk|
1
n−1 sign(uk)
λk
eβk|uk|
n
n−1 − γk,
where sign(uk) is the sign of uk. It is obvious that
λk =
∫
M
|uk|
n
n−1 eβk|uk|
n
n−1
dVg, γk =
∫
M
|uk|
1
n−1 sign(uk)
λk
eβk|uk|
n
n−1
dVg,
and
sup∫
M
|∇u|ndVg=1,
∫
M
udVg=0
∫
M
eαn|u|
n
n−1
dVg = lim
k→∞
∫
M
eβk|uk|
n
n−1
dVg.
Let ck = max
x∈M
|uk(x)| = max
x∈M
uk(x), and xk → p. Let {ei(x)} an orthogonal basis of TM
near x0 and expx : TxM → M be the exponential mapping. Let Br be the ball in Rn. The
smooth mapping E : Bδ(x0)×Br →M is define to be
E(x, y) = expx(y
iei(x)).
We set
gij(x, y) = 〈(expx)∗ ∂
∂yi
, (expx)∗
∂
∂yj
〉E(x,y).
It is well-known that, we can find a constant a, s.t.
‖g(x, y) − I‖C0(Bδ×Br) ≤ a|y|2
when δ and r are sufficiently small.
Let rnk =
λk
c
n
n−1
k
e
βkc
n
n−1
k
, then we have rk → 0 and
n
n− 1βkc
1
n−1
k (uk(E(xk, rkx))− ck)→ −n log(1 + cnr
n
n−1 )
2
on any BL(0), where cn = (
ωn−1
n )
1
n−1 . Note that uk(E(xk, rkx)) is the function defined on
B r
rk
⊂ Rn.
Moreover, we can get c
1
n−1
k uk ⇁ G in H
1,q(M) for any q < n, and
c
1
n−1
k uk → G (2.1)
C1 smoothly on any M \Bδ(p), where G is the Green function defined by
{ −∆nG = δp − 1µ(M)∫
M G = 0.
We can prove that
lim
k→+∞
∫
M
eβk|uk|
n
n−1
dVg = µ(M) + lim
L→+∞
lim
k→+∞
∫
BLrk (xk)
eβk|uk|
n
n−1
dVg. (2.2)
Moreover, on any domain Ω which contains p, we have
lim
L→+∞
lim
k→+∞
∫
Ω\BLrk (xk)
eαku
n
n−1
k = |Ω|. (2.3)
3 The proof of Proposition 1.1
Let δ and r be sufficiently small s.t.
|gij(xk, y)− δij | ≤ A|y|2
for some constant A which is independent of k. Then, we can find a constant a, s.t.
|∇0ϕ|2 =
n∑
i=1
|∂ui
∂yi
|2 ≤ (1 + a|y|2)|∇ϕ|2
for any ϕ ∈ C∞.
Let bk = sup∂Bδ uk, and u
′
k = (uk − bk)+. We set f(y) = |g(xk,y)|
1
2n√
1+a|y|2
, where a is chosen
suitably large so that f ≤ 1 on Bδ(0). We have
|∇0fu′k| ≤ |∇u′k||g|
1
2n + |∇0f ||u′k|.
Then
|∇0fu′k|n ≤ |∇u′k|n
√
|g| + c
n∑
k=1
|∇u′k|n−k|u′k|k.
Here, c is a constant.
Then ∫
Bδ(xk)
|∇0fu′k|ndx ≤ 1−
∫
M\Bδ(xk)
|∇u′k|ndVg +
ρ(δ)
c
n
n−1
k
,
3
where
ρ(δ) = 2c
n∑
k=1
∫
B2δ(p)
|∇G|k|G|n−kdVg.
Given δ > 0, we set xδ ∈ ∂Bδ, s.t. G(xδ) = sup
x∈Bδ
G(x). Let
G(xδ) = − 1
αn
log δn + Sp + bδ,
and
Ωδ = {x : G(x) ≥ Gδ}.
Then bδ → 0 as δ → 0 and
lim
k→+∞
∫
M\Bδ(xk)
c
n
n−1
k |∇u′k|ndVg =
∫
M\Bδ(p)
|∇G|ndVg
=
∫
Ωδ
|∇G|ndVg
=
∫
Ωc
δ
G
µ(M)
dVg +Gδ
∫
∂Ωδ
|∇G|n−2 ∂G
∂n
= −2
∫
Ωδ
G
µ(M)
dVg +Gδ
= O(δn log δ) +Gδ.
If we set τk =
∫
Bδ
|∇0fu′k|ndx, then by Theorem A.1., we have
lim
k→+∞
∫
Bδ
e
βk
τ
1
n−1
k
|fu′
k
|
n
n−1
dx ≤ δnωn−1
n
(1 + e1+1/2+···+1/(n−1)).
On one hand, for any ̺ < δ,
lim
L→+∞
lim
k→+∞
∫
B̺\BLrk (xk)
e
βk
τ
1
n−1
k
|fu′
k
|
n
n−1
≤ O( 1
δn
) lim
L→+∞
lim
k→+∞
∫
B̺\BLrk (xk)
eβk|uk|
n
n−1
dVg = o̺(1).
On the other hand, for a fixed ̺,
lim
k→+∞
∫
Bδ\̺
e
βk
τ
1
n−1
k
|fu′
k
|
n
n−1
dx→ |Bδ \B̺|.
Letting ̺→ 0, we get
lim
L→+∞
lim
k→+∞
∫
Bδ\BLrk (xk)
e
βk
τ
1
n−1
k
|fu′
k
|
n
n−1
= |Bδ |.
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Hence we get the following identity:
lim
L→+∞
lim
k→+∞
∫
BLrk (xk)
e
βk
τ
1
n−1
k
|fu′
k
|
n
n−1
≤ δnωn−1
n
e1+1/2+···+1/(n−1).
If we fix an L, then on BLrk(xk), f = 1 +O(e
−αn
2
c
n
n−1
k ), and then we have
βk|u′k|
n
n−1 =
τ
1
n−1
k
f
n
n−1
βk
τ
1
n−1
k
|fu′k|
n
n−1
≤ βk
τ
1
n−1
k
|fu′k|
n
n−1 (1−
1
n−1
G(xδ)−ǫ(δ,k)
c
n
n−1
k
)
= βk
τ
1
n−1
k
|fu′k|
n
n−1 − βkn−1(ukck )
n
n−1G(xδ) + ǫ(δ, k)|ukck |
n
n−1 .
where lim
δ→0
lim
k→+∞
ǫ(δ, k) = 0.
Furthermore, we have
βk|uk|
n
n−1 = βk|u′k + bk|
n
n−1 ≤ βk|u′k|
n
n−1 + βk
n
n− 1bku
′
k +O(
1
c
1
n−1
k
).
It is easy to be deduced from (2.1) that
− βk
n− 1(
uk(x)
ck
)
n
n−1G(xδ) + βk
n
n− 1bku
′
k(x) ≤ − log δn + αnSp + ok(1),
for any x ∈ BLrk(xk) and sufficiently large k. Hence we get
lim
L→+∞
lim
k→+∞
∫
BLrk
eβk|uk|
n
n−1 ≤ ωn−1
n
e1+1/2+···+1/(n−1)+αnSp .
So, we can imply Proposition 1.1 from (2.2).
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